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ReUieW:
Let %, %, - be i.id vu’s ond Set

Tlu ‘)rocess (Sn ) 1% Colled a random WalR .

M: For o random walkR on R ) thae are onlg
4 Possibtv. Cares, one o& whedh  Rag rrolow]o;wrj 1

) Sh=o0 ]Qor all m.
Q‘) S.n - 1069,
i) Sn> -

({\/) -0 = l\'m'th{) S}\ < ['m g“i) Sn = 00,

. Below we wi]l ]Cu,v‘l'hev‘ study the asym';{;oh‘c«g e havion of Sh
whder the 0«$$uml)‘['|‘ow Hhat Ele<0°.



B\)l the s{'rong Iaw of Io,rye hanLers, ;f tlﬁ: EX #o, than

|l'm —'I:\"S’n = F. a.s.

n>vw
Hena

lim Sh = ( R{Z p>o

{—oo l‘? M<o.

It remains to Consklev the Case wheh Pz EX=o.

Thmn 4.9. ( KL Chung & Fuchs)
Su.rpose that EX=o0. Then thue are onlk(}

2 Poss}bto. Cares, one og whedh Ras lDraLoulm‘LLJrj 1

i)y Sa=o ‘Por adl m.
(i() -0 = livvitn:? S < him S“f Sh = 00

To ‘one -tlw. above result, (et ws hate some rwl)mrat:o\h :

Recudl that we can vebucld our ‘)rab srau s
(2,%,pP) = T (R, 5@, k)

whire (& the prob. law of X,



. ﬁ\n.h we Can dr.][lfu, Xn: Q- IR, as

Xn(w = Wy -Fov- w= (“’»WA,“‘) e

e Now we dellje @: L= 2 ?j

We el & the left shife map on o}

lem 400, We have P= Pes’. That is, ‘For every Ae or
P(my= p(s'A) .

PP‘ Set:
T={rF: pw=pEar}
Then one can check that (T s o )\—s‘}m{qm‘ ie. the S?o[lowug
3 l)roPth‘es hold :
o Nne¢9,
® If A,Be with AcB, thn B\Ae“j
@ f ApeT amd A, f A, the AcT.

Next let P be the collechon og m th -Q)- recall



Q Sef C € O:F l\s Ca“ec:l o Y‘ed’afsle n\Sl

C = {w : (-U.ECI, w, € C11 ™y, wR&Ck }
%r some RelN and G, -, G c ﬁ(lR).

B)’ olefinih‘on, o;_ is the Sn‘zm—alsebm %eheva{ul b) J'.)
Cleavb: P s oo T- S)/st‘un) that i jD 5 closed wnder intursectioy,
Net we show that yc ?r

Let C= C,x--~xChx RIN c 'Q; with C;Gﬁ(m),
Than s'C=  RxCx-xCex RN

C.lear‘\]

P(C)= WG v xj(C)= P(sL)..
So we have that Ce Sf- Heww ?C ?

B): Dynkl'n s T TLeoNM) O;F = 0')<))) < T

Sihne af':"; . it Sj.“ows tlmf (j\: 0;) ,\‘e_) P: P°G~



lem 401, Lt (Qn) be a sejwmu of real number such that

len the exist € >0 and PGN such that

limn Qh = 0a.
p3w

O,H.P - OP > < far all m 3.

PF Deﬂjw‘w

$ = Sur{ k21 2 Qg s 01}.

Tlteh 'P<oo sinle Gn—= 05 hdvo,
arsall and a"*l’ >Qy ‘P" oll "2,

MDVQDUBT

Q(m

i

'
R T
° +
v ( 0

P Py P

Sn‘nu. An>v0 as h—”") 34 7 st

Orm-‘) > 0[}“’ 1 ‘?mr a,“ n2h, .

Touhe $=

Clea,v\j ’

O,MP-QP > 'mu)\{s, 1}

Min { Oh+P—QP : '%=|) 2 hb} 20

]@.v oll nz|,

i



Below we ()roue Thin 49 bj ‘?allowu‘ng the. a\rfum»:t o._{l Dehhui\s (1982).

W’- B); Thin 48 we oub: heed o Show that
P( hinS.\=+w)=o )
P(llfhsh=‘°°)=o,

WLoG, we only prove ().

for 20 and tER write
Ii('b) = Et’i) t+£]
For neIN ond weQ, ckfm.q,

n

Ri(w)= & < lL_) Iz<5.'(w))).

1

Sina EX=0, b] the S+nr\3 low of large numbers,

Ilfv\ th('”)zo ?or as we .

h>wo



Hena for almost adl w  and om) §s00 3 Me=m, w,S) such thal

[Se@) s ks Por oll R2m,
Tl\mSm. '

Ii(sh(“’)) C  [-ns-g n§+s] %w <Rsn,
It -?ouows that
R:(W) € R,,io (w) + (2nS+22) )Pcvv all M
Henw
m ~ Ratw

ha 0 P S g

TLWLS:WQ, fim Re(w) _

a0 = o OQ.fS.

NoRce : w) g ov >0 T
Dee that Rnh( € 2¢ ]9 afl n 2o by tha  DCT,
v 5 E(RE) =o.

h>vo

Observe that

Su(sw) = Sw(w) - Si(w),
So

RE - Rid = A n(s0) - L (Y %(50m5)

- L G n(sn) - a( G nls),




It ]Q,ums Ehat

4
Rh—fl - eroﬁ' > 2t ./H{ S,~H—§1|>2{'for allp‘isn}
Hena
E( RS ) - E( Rfed) > 25. P( | Sppi=Si| >2¢ j‘)ov- all is n)

S 2 P( Igm—sll >2¢ fw oll 'iz|)
= 2% P( |S,-|>zg :?or all ial)

\

( Sina tha process § Siu=Sac 12}
e f §i: T2 }
have the sams diy bwhuhin

As P=Pes’, E(RI:c)= E(R) 1t Jolbws tht

5™

h‘m E(E) > 29 P( | Si| >2¢ ?arall izi)

g
Sing  im E(Rn)=o so

how n /

P( Isi| >2 ?w ajl ian\ =0 .

A%Gfli’\, S {S;*P“Sp . i?l} has the Saa st bitio
as {S’,- D1 }’

it fu“owb that ‘gv all ¢ >0 and 'PG N,

P( lSH-lD—SPl > ‘Fa( all |‘>,l) =5.



Henu
F=U U for [S8-S0] 5 e Al |

fe@; PewW

has PNK o.

Howeuer bj Lem 4.9

{w; ,:‘ﬁ"wgn(w) =+0°} cC F .

Heww

P( llMSh:*M) =0,

In what {Pb“ows, we extend the vesult o§ C}\ung and, Fuc‘,.s
to 3ehe\MQ ersoobtc s'todw‘omty processes

De?. Let (.ﬂ, F P) be & l)va.Saa and Q-0 a
measurable ma')F"‘S Such bhat

P(A)= p(7'A) Por eery Ae ¥,
S’a)/ that T 1 m With vespect €0 P i§

fmr each Aesj\-' with A=T“A) one has €\ tharr P(A)=0




or P(A)=I.
T}m €a“owu‘§ eh5oobc‘. Thm 8@\&\»12&5 'L‘]'\_q_ SLLN :

TLYY\ 4.2 ) ( Bir\d\o?f ergodic Thm)
let T: Ll (L be an ev\SooL\‘.c measy re sy U In

‘tra.nsfovvwa‘t'm'n en a t’v‘o"“biutj Sl)ace ('O') 65\") P)
et £e L(n,F,p). Then

[imn 1 E‘l k = f
n> wo h  g=o 5?(-'_‘”) = 'FGIP Q.s.

Momouer/ tl\l ‘Fo“awl;‘g resu,[’c genemtczes CLW‘@' Fuchs)'t‘taomm:
Thm 415 ( Dekkiig , 1992)
Under the same assumf)-i-\‘ons of Thim 4.|37 Su,rt)ose that

h-l
P{us b = f(rh)=+w} 0.

n>ve

Then (? dp >o.



